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Abstract
We study the 𝑝-primary component of the Tate-Shafarevich group of Abelian schemes over higher
dimensional bases over finite fields. We prove that finiteness of the 𝑝-primary component descents by
alterations, and prove isogeny invariance of finiteness.
Furthermore, we prove that the the first flat cohomology group of a finite flat group scheme and the 𝑝-part
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Introduction

The Tate-Shafarevich group X(A /𝑋) of an Abelian scheme A over a base scheme 𝑋 is of great importance for
the arithmetic of A . It classifies everywhere locally trivial A -torsors.
In [Kel16], section 4.3, we showed that finiteness of an ℓ-primary component of the Tate-Shafarevich group
descents under generically étale ℓ′ -alterations. This is used in [Kel18], Corollary 5.11 to prove the finiteness
of the Tate-Shafarevich group and an analogue of the Birch-Swinnerton-Dyer conjecture for certain Abelian
schemes over higher dimensional bases over finite fields under mild conditions. In [Kel16], section 4.4, we showed
that finiteness of an ℓ-primary component of the Tate-Shafarevich group is invariant under étale isogenies.
In this article, we generalise some of our results from [Kel16] for ℓ∞ -torsion to 𝑝∞ -torsion: We show:
Theorem 1 (Corollary 3.5). The Brauer group of a product of smooth proper curves and Abelian varieties over
a finite field is finite.
Theorem 2 (Theorem 5.9). Let 𝑋 be a proper integral normal variety over a finite field and 𝐺/𝑋 be a finite
flat commutative group scheme. Then H1fppf (𝑋, 𝐺) is finite.
This result is used to prove:
Theorem 3 (Theorem 7.3). Let 𝑝 be a prime. Let 𝑓 : 𝑋 ′ → 𝑋 be a proper, surjective, generically étale morphism
of generical degree prime to 𝑝 of integral, normal varieties over a finite field. Let 𝑋 be a scheme of characteristic
𝑝. If A is an Abelian scheme on 𝑋 such that the 𝑝∞ -torsion of the Tate-Shafarevich group X(A ′ /𝑋 ′ ) of
A ′ := 𝑓 * A = A ×𝑋 𝑋 ′ is finite, then the 𝑝∞ -torsion of the Tate-Shafarevich group X(A /𝑋) is finite.
Theorem 4 (Theorem 8.1). Let 𝑋/𝑘 be a proper variety over a finite field 𝑘 and 𝑓 : A → A ′ be an isogeny of
Abelian schemes over 𝑋. Let 𝑝 be an arbitrary prime. Assume 𝑓 étale if 𝑝 =
̸ char 𝑘. Then X(A /𝑋)[𝑝∞ ] is
′
∞
finite if and only if X(A /𝑋)[𝑝 ] is finite.
Notation. For an Abelian group 𝐴, let 𝐴tors be the torsion subgroup of 𝐴, and 𝐴n-tors = 𝐴/𝐴tors . Let 𝐴div
𝑛
be the maximal divisible subgroup of 𝐴 and 𝐴n-div = 𝐴/𝐴div . Denote the cokernel of 𝐴 → 𝐴 by 𝐴/𝑛 and its
𝑛
∞
kernel by 𝐴[𝑛], and the 𝑝-primary subgroup lim𝑛 𝐴[𝑝 ] by 𝐴[𝑝 ]. Canonical isomorphisms are often denoted by
−→
“=”. We denote Pontryagin duality by (−)𝐷 , duals of 𝑅-modules or ℓ-adic sheaves by (−)∨ , and duals of Abelian
schemes and Cartier duals by (−)𝑡 . The ℓ-adic valuation | · |ℓ is taken to be normalised by |ℓ|ℓ = ℓ−1 . If Γ is a
group acting on an Abelian group 𝐴, we denote by 𝐴Γ invariants and by 𝐴Γ coinvariants. By 𝑋 (𝑖) , we denote
the set of codimension-𝑖 points of a scheme 𝑋, and by |𝑋| the set of closed points. For an Abelian variety 𝐴, we
denote its Poincaré bundle by P𝐴 . By a variety over a field 𝑘 we mean a scheme of finite type over 𝑘.
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THE 𝑃 -PART OF THE BRAUER GROUP

Flat cohomology

Definition 2.1. An isogeny of group schemes is a surjective group scheme homomorphism with finite kernel.
Lemma 2.2 (Kummer sequence). Let 𝑋 be a scheme of characteristic 𝑝 and 𝐺, 𝐺′ /𝑋 be smooth commutative
group schemes and assume there is a faithfully flat isogeny 𝑓 : 𝐺 → 𝐺′ . Then there is an exact sequence of
sheaves on 𝑋fppf
𝑓

0 → ker(𝑓 ) → 𝐺 → 𝐺′ → 0
This applies in particular to 𝐺 = G𝑚 and 𝐺 = A an Abelian scheme.
Proof. Since 𝑓 is faithfully flat, in particular surjective, it is an epimorphism of sheaves, compare [Kel18],
Lemma 2.10. An isogeny of Abelian schemes is faithfully flat by [Mil86], p. 114 f., Proposition 8.1.

Lemma 2.3. Let 𝑋 be a scheme of characteristic 𝑝 and 𝐺/𝑋 be a smooth commutative group scheme. Then
there are comparison isomorphisms
𝑖
H𝑖fppf (𝑋, 𝐺) = Hét
(𝑋, 𝐺)

Proof. See [Mil80], p. 116, Remark III.3.11 (b) and note that the proof given there gives a comparison isomorphism
for any topologies between the étale and the flat site.

3

The 𝑝-part of the Brauer group

Let 𝑋 be a smooth projective geometrically integral variety over a finite field 𝑘 = F𝑞 of characteristic 𝑝 with
absolute Galois group Γ topologically generated by the Frobenius Frob. By [Kel16], p. 213, Corollary 2.5,
2
2
one has Br(𝑋) = Hét
(𝑋, G𝑚 ) = Hét
(𝑋, G𝑚 )tors , and these equal the corresponding flat cohomology groups
by Lemma 2.3.
Proposition 3.1. There is a diagram of finitely generated Z𝑝 -modules with exact rows and columns

0

/ H1

¯

fppf (𝑋, Z𝑝 (1))Γ

0

0


Pic(𝑋) ⊗Z Z𝑝


¯ ⊗Z Z𝑝 )Γ
/ (NS(𝑋)


/ H2 (𝑋, Z𝑝 (1))
fppf


¯ Z𝑝 (1))Γ
/ H2 (𝑋,
fppf

/0


𝑇𝑝 Br(𝑋)

0.
¯ Z𝑝 (1))Γ is killed by multiplication by 𝑡(𝑋) := | Pic(𝑋)tors | = | Pic(𝑋)
¯ Γtors | < ∞.
The group H1fppf (𝑋,
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Proof. Pass to the projective limit in

0

0

0


Pic(𝑋)/𝑝𝑛


𝑛 Γ
¯
/ (NS(𝑋)/𝑝
)

¯ 𝜇 𝑝𝑛 ) Γ
/ H1 (𝑋,
fppf


/ H2 (𝑋, 𝜇𝑝𝑛 )
fppf


¯ 𝑛 ]Γ
Pic(𝑋)[𝑝


Br(𝑋)[𝑝𝑛 ]


0


0.


¯ 𝜇𝑝𝑛 )Γ
(
𝑋,
fppf

/ H2

/0

The columns come from the Kummer sequence Lemma 2.2, and the middle row comes from the Hochschild-Serre
spectral sequence for the flat topology [Mil80], p. 105, Remark III.2.21 (a). Note that H2fppf (𝑋, Z𝑝 (1)) is a finitely
generated Z𝑝 -module by [Ill79], p. 629, Proposition 5.9.
¯ Γ since the Hochschild-Serre spectral sequence for the flat topology [Mil80], p. 105,
One has Pic(𝑋) = Pic(𝑋)
Remark III.2.21 (a) gives us an exact sequence
¯ G𝑚 )) → Pic(𝑋) → Pic(𝑋)
¯ Γ → H2 (Γ, H0fppf (𝑋,
¯ G𝑚 )),
0 → H1 (Γ, H0fppf (𝑋,
¯ G𝑚 ) = 𝑘¯× , and H1 (Γ, 𝑘¯× ) = 0 by Hilbert’s theorem 90 and H2 (Γ, 𝑘¯× ) = Br(𝑘) = 0. The order of
and H0fppf (𝑋,
¯ 𝑛 ])Γ equals the order of the group (Pic(𝑋)[𝑝
¯ 𝑛 ])Γ since Pic(𝑋)[𝑝
¯ 𝑛 ] is finite, so its Herbrand
the group (Pic(𝑋)[𝑝
1
¯ 𝜇𝑝𝑛 )Γ is killed by multiplication with 𝑡(𝑋), so H1 (𝑋,
¯ Z𝑝 (1))Γ is killed by
quotient equals 1. Hence Hfppf (𝑋,
fppf
multiplication by 𝑡(𝑋).
Proposition 3.2. There is a diagram of finitely generated Q𝑝 -vector spaces with exact rows and columns
0

0

0


Pic(𝑋) ⊗Z Q𝑝

∼
=


¯ ⊗Z Q𝑝 )Γ
/ (NS(𝑋)


/ H2 (𝑋, Q𝑝 (1))
fppf

∼
=


¯ Q𝑝 (1))Γ
/ H2 (𝑋,
fppf

/0


𝑉𝑝 Br(𝑋)

0.
¯ Z𝑝 (1))Γ is killed by multiplication with 𝑡(𝑋),
Proof. Tensorise the groups in Proposition 3.1 by Q𝑝 . Since H1fppf (𝑋,
¯ Γ (see the
it is 0 after tensoring with Q𝑝 . The upper horizontal arrow is an isomorphism since Pic(𝑋) = Pic(𝑋)
0
0 ¯
¯
¯
¯
proof of Proposition 3.1) and Pic(𝑋) ⊗Z Q𝑝 = NS(𝑋) ⊗Z Q𝑝 because Pic (𝑋) = Pic𝑋/𝑘 (𝑘) = lim𝑛 Pic0𝑋/𝑘 (F𝑞𝑛 )
−→
¯ ⊗Z Q𝑝 )Γ = NS(𝑋)
¯ Γ ⊗Z Q𝑝 since − ⊗Z Q𝑝 is exact
is torsion as a colimit of finite groups; furthermore, (NS(𝑋)
¯ is a discrete Γ-module and for a finite group 𝐺, one has 𝐴𝐺 = lim(𝐴 → ⊕𝑔∈𝐺 𝐴).
and NS(𝑋)
←−
Corollary 3.3. The following are equivalent:
1. The group Br(𝑋)[𝑝∞ ] is finite.
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2. Br(𝑋)[𝑝∞ ]div = 0 and Br(𝑋)[𝑝∞ ] = Br(𝑋)[𝑝∞ ]n-div .
3. 𝑉𝑝 Br(𝑋) = 0.
¯ Q𝑝 (1))Γ = H2 (𝑋,
¯ Q𝑝 (1))Frob .
4. NS(𝑋) ⊗Z Q𝑝 = H2fppf (𝑋,
fppf
¯ Q𝑝 (1))Γ = 𝜌(𝑋) with 𝜌(𝑋) := rkZ NS(𝑋) = rkZ Pic(𝑋).
5. dimQ𝑝 H2fppf (𝑋,
¯ Q𝑝 (1))Γ ≥ 𝜌(𝑋).
One always has dimQ𝑝 H2fppf (𝑋,
Theorem 3.4. Let 𝑋 be a product of smooth proper curves and Abelian varieties over a finite field 𝑘 of
¯
characteristic 𝑝. Then dimQ𝑝 H2cris (𝑋/𝑊
)Γ ⊗ Q𝑝 = dimQ𝑝 H2fppf (𝑋, Q𝑝 (1)) = 𝜌(𝑋). Hence Br(𝑋)[𝑝∞ ] is finite
by Corollary 3.3.
Proof. Note that proper curves and Abelian varieties are projective by [Har83], p. 136, Proposition II.6.7
and [Mil86], p. 113, Theorem 7.1. By Corollary 3.3,
dimQ𝑝 H2fppf (𝑋, Q𝑝 (1)) ≥ 𝜌(𝑋),
so it suffices to prove that dimQ𝑝 H2fppf (𝑋, Q𝑝 (1)) ≤ 𝜌(𝑋).
One has for ℓ ̸= 𝑝 prime
2 ¯
𝜌(𝑋) = dimQℓ Hét
(𝑋, Qℓ (1))Γ = dimQ𝑝 H2cris (𝑋/𝑊 ) ⊗Z Q𝑝 ,

the first equality by the Tate conjecture [Tat66], p. 143, Theorem 4, and the second equality by [KM74], p. 75,
Corollary 1 1) since 𝑋/𝑘 is smooth projective.
¯ Qℓ (𝑖))Γ = H2𝑟 (𝑋, Qℓ (𝑖)) for 𝑘 finite: The Hochschild-Serre spectral sequence
One has H2𝑟 (𝑋,
ét

ét

𝑞 ¯
𝑝+𝑞
H𝑝 (Γ, Hét
(𝑋, Qℓ (𝑖))) ⇒ Hét
(𝑋, Qℓ (𝑖))

yields by cd(𝑘) = 1 a short exact sequence
𝑞−1 ¯
𝑞
𝑞 ¯
0 → H1 (Γ, Hét
(𝑋, Qℓ (𝑖))) → Hét
(𝑋, Qℓ (𝑖)) → Hét
(𝑋, Qℓ (𝑖))Γ → 0
𝑞−1 ¯
𝑞−1 ¯
and Hét
(𝑋, Qℓ (𝑖)) is uniquely divisible, so H1 (Γ, Hét
(𝑋, Qℓ (𝑖))) = 0, and the same for H𝑞fppf (𝑋, Q𝑝 (𝑖)).
2 ¯
¯
¯ Q𝑝 (1)), so
One has dimQℓ Hét
(𝑋, Qℓ (1)) = dimQ𝑝 H2cris (𝑋/𝑊
) ⊗Z𝑝 Q𝑝 ≥ dimQ𝑝 H2fppf (𝑋,
2 ¯
𝜌(𝑋) = dimQℓ Hét
(𝑋, Qℓ (1))Γ ≥ dimQ𝑝 H2fppf (𝑋, Q𝑝 (1)).

On the other hand,
dimQ𝑝 H2fppf (𝑋, Q𝑝 (1)) ≤ dimQ𝑝 H2cris (𝑋/𝑊 ) ⊗Z Q𝑝
by [Ill79], p. 627, Théorème 5.5 (5.5.3) or p. 631, Théorème 5.14.
Tate’s conjecture [Tat66] implies that the Frobenius action on the cohomology is semisimple, hence
2 ¯
dimQℓ Hét
(𝑋, Qℓ (1))Γ is equal to the multiplicity of 1 − 𝑋 as a factor of the characteristic polynomial of
the Frobenius, which is independent of ℓ. This also works for crystalline cohomology (which is a Weil cohomology
theory).
Corollary 3.5. The Brauer group of a product of smooth proper curves and Abelian varieties over a finite field
is finite.
Proof. Combine Theorem 3.4 with [Zar83], p. 214, Corollary 2.3.5 and use that the Brauer group of a regular
scheme is torsion.
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The 𝑝-part of the Brauer group of an Abelian variety over a finite
field

In this section, we prove a formula for the order of Br(𝐴)[𝑝∞ ] for an Abelian variety 𝐴 over a finite field of
characteristic 𝑝.
Lemma 4.1. Let 𝑘 be a perfect field, 𝑊 = 𝑊 (𝑘) the ring of Witt vectors and 𝐴/𝑘 be an Abelian variety. Then
⋀︀𝑖 1
H𝑖cris (𝐴/𝑊 ) =
Hcris (𝐴/𝑊 ).
Proof. See [Ill79], p. 651, (7.1.1).
Lemma 4.2. Let 𝑘 be a finite field of characteristic 𝑝 and 𝐴/𝑘 be an Abelian variety. Then the action of
¯
Γ = Gal(𝑘/𝑘)
on 𝑇𝑝 𝐴 is semisimple.
Proof. Let ℓ ̸= 𝑝 be prime. The minimal polynomial of the Frobenius acting on 𝑇ℓ 𝐴 is defined over Q since it
equals the radical of the characteristic polynomial, which is defined over Q by [Mil86], p. 125, Proposition 12.9.
By [Tat66], the Frobenius acts semisimply on 𝑇ℓ 𝐴 for ℓ ̸= 𝑝 prime, and hence its minimal polynomial is
square-free. Since End𝑘 (𝐴) ⊗Z Qℓ → EndQℓ (𝑇ℓ 𝐴) is injective, it also satisfies this square-free polynomial in
End𝑘 (𝐴) ⊗Z Q ⊂ End𝑘 (𝐴) ⊗Z Qℓ , so it is semisimple. Hence it also acts semisimply on 𝑇𝑝 𝐴 as there is an
injection End𝑘 (𝐴) ⊗Z Q𝑝 ˓→ EndQ𝑝 (𝑇𝑝 𝐴).

5

Finiteness theorems for flat and syntomic cohomology over finite
fields

The aim of this section is to show that H1fppf (𝑋, 𝐺) is finite for 𝑋 a normal proper variety over a finite field and
𝐺/𝑋 a finite flat group scheme.
The proof is by reduction to the case of a finite flat simple group scheme over an algebraically closed field,
which is isomorphic to Z/𝑝, 𝜇𝑝 or 𝛼𝑝 .
We use the interpretation of H1fppf (𝑋, 𝐺) as 𝐺-torsors on 𝑋 [Mil80], p. 124, Proposition III.4.7 since 𝐺/𝑋 is
affine. We also use de Jong’s alteration theorem [de 96], p. 66, Theorem 4.1.
Lemma 5.1. Let 𝑋 be a Noetherian integral scheme with function field 𝐾(𝑋) and 𝑈 ⊆ 𝑋 dense open. Then
there is an exact sequence
⨁︁
1 → G𝑚 (𝑋) → G𝑚 (𝑈 ) →
Z[𝐷] → Cl(𝑋) → Cl(𝑈 ) → 0.
𝐷∈(𝑋∖𝑈 )(1)

Proof. The assumptions imply that there is a commutative diagram with exact rows
1

O𝑋 (𝑋)×

𝐾(𝑋)×

Div(𝑋)

Cl(𝑋)

0

1

O𝑋 (𝑈 )×

𝐾(𝑈 )×

Div(𝑈 )

Cl(𝑈 )

0.

A diagram chase yields the result.
Corollary 5.2. Let 𝑋 be a Noetherian integral regular scheme and let 𝑈 ⊆ 𝑋 be dense open. Then there is an
exact sequence
⨁︁
1 → G𝑚 (𝑋) → G𝑚 (𝑈 ) →
Z[𝐷] → Pic(𝑋) → Pic(𝑈 ) → 0.
𝐷∈(𝑋∖𝑈 )(1)

Proof. By the assumptions, Cl(𝑋) = Pic(𝑋) and Cl(𝑈 ) = Pic(𝑈 ).
Corollary 5.3. Let 𝑋/F𝑞 be an integral Noetherian regular proper variety and let 𝑗 : 𝑈 ˓→ 𝑋 be the inclusion of
an open subscheme of 𝑋. Then H1fppf (𝑈, 𝜇𝑝𝑛 ) is finite for all 𝑛 and any prime 𝑝.
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Proof. The Kummer sequence Lemma 2.2 on 𝑈fppf together with Pic(𝑈 ) = H1fppf (𝑈, G𝑚,𝑈 ) by Lemma 2.3 yields
the exact sequence
1 → G𝑚 (𝑈 )/𝑝𝑛 → H1fppf (𝑈, 𝜇𝑝𝑛 ) → Pic(𝑈 )[𝑝𝑛 ] → 0.
Since G𝑚 (𝑋) = Γ(𝑋, G𝑚 )× is finite by the coherence theorem since 𝑋/F𝑞 is proper and F𝑞 is finite, and since
Pic(𝑋) is finitely generated since its sits in a short exact sequence 0 → Pic0 (𝑋) → Pic(𝑋) → NS(𝑋) → 0 and
Pic0 (𝑋) is finite since it is the group of rational points of an Abelian variety over a finite field and NS(𝑋) is
always finitely generated by [Mil80], p. 215, Theorem V.3.25, by Corollary 5.2 and the finiteness of (𝑋 ∖ 𝑈 )(1) ,
this exact sequence gives the finiteness of G𝑚 (𝑈 )/𝑝𝑛 and of Pic(𝑈 )[𝑝𝑛 ].
Lemma 5.4. Let 𝑋 be a normal integral scheme and 𝐺/𝑋 be a finite flat group scheme. If 𝑇 is a 𝐺-torsor on
𝑋 trivial over the generic point of 𝑋, then 𝑇 is trivial. Hence, H1fppf (𝑋, 𝐺) → H1fppf (𝐾(𝑋), 𝐺) is injective, and if
𝑓 : 𝑌 → 𝑋 is birational, 𝑓 * : H1fppf (𝑋, 𝐺) → H1fppf (𝑌, 𝐺) is injective.
Proof. Since 𝑇 is trivial over the generic point of 𝑋, generically, there is a section of 𝜋 : 𝑇 → 𝑋. This extends to
a rational map 𝜎 : 𝑋 99K 𝑇 . Take the schematic closure 𝑖 : 𝑋 ′ ˓→ 𝑇 of 𝜎. The composition 𝜋 ∘ 𝑖 : 𝑋 ′ → 𝑇 → 𝑋
is birational and finite (as a composition of a closed immersion and a finite morphism). By [GW10], p. 358,
Corollary 12.88, since 𝑋 is normal, 𝑋 ′ → 𝑋 is an isomorphism. Hence 𝜎 is a section of 𝜋, so 𝑇 /𝑋 is trivial.
Lemma 5.5. Let 𝑋 be a proper variety over a finite field and 𝑌 /𝑋 be a finite flat scheme. Let 𝑍/𝑋 be proper.
Then 𝑌 (𝑍) is finite.
Proof. Since Mor𝑋 (𝑍, 𝑌 ) = Mor𝑍 (𝑍, 𝑌 ×𝑋 𝑍), one can assume 𝑍 = 𝑋. So we have to show that there are only
finitely many sections to 𝜋 : 𝑌 → 𝑋. Such a section corresponds to an O𝑋 -algebra map 𝜋* O𝑌 → O𝑋 . But
H0Zar (𝑋, H om𝑋 (𝜋* O𝑌 , O𝑋 )) is finite by the coherence theorem as it is a finite dimensional vector space over a
finite field.
Lemma 5.6. Let 𝑌 → 𝑋 be an alteration of proper integral varieties with 𝑋 normal, and 𝐺/𝑋 be a finite
flat commutative group scheme. Then ker(H1fppf (𝑋, 𝐺) → H1fppf (𝑌, 𝐺)) is finite. Hence H1fppf (𝑋, 𝐺) is finite if
H1fppf (𝑌, 𝐺) is.
Proof. If 𝑌 → 𝑋 is a blow-up, the kernel is trivial by Lemma 5.4 since a blow-up is birational. Hence the
statement holds for blow-ups.
Since a normalisation morphism of integral schemes is birational [Liu06], p. 120, Proposition 4.1.22, one can
assume 𝑋 ′ normal.
By [RG71], p. 37, Théorème 5.2.2, there is a blow-up 𝑋 ′ → 𝑋 such that 𝑌 ′ := 𝑌 ×𝑋 𝑋 ′ is flat over 𝑋 ′ . There
is a commutative diagram
0

0

/ ker(H1

fppf (𝑋, 𝐺)

→ H1fppf (𝑌, 𝐺))


′
(𝑋
,
𝐺)
→ H1fppf (𝑌 ′ , 𝐺))
fppf

/ ker(H1

/ H1 (𝑋, 𝐺)
fppf

/ H1 (𝑋 ′ , 𝐺)
fppf

By the snake lemma, since ker(H1fppf (𝑋, 𝐺) → H1fppf (𝑋 ′ , 𝐺)) is finite as 𝑋 ′ → 𝑋 is a blow-up, ker(H1fppf (𝑋, 𝐺) →
H1fppf (𝑌, 𝐺)) is finite if we can show that ker(H1fppf (𝑋 ′ , 𝐺) → H1fppf (𝑌 ′ , 𝐺)) is finite. Hence, we can assume
𝑌 → 𝑋 finite flat.
Let 𝑇 → 𝑋 be in the kernel, i. e. it is a torsor trivial on 𝑌 . Choose a section 𝜎 : 𝑌 → 𝑇 ×𝑋 𝑌 . Since
𝑇 ×𝑋 (𝑌 ×𝑋 𝑌 ) → 𝑌 ×𝑋 𝑌 is a 𝐺-torsor, one can take
𝜏 := 𝜎 ∘ pr0 −𝜎 ∘ pr1 ∈ 𝐺(𝑌 ×𝑋 𝑌 ).
The section 𝜏 corresponds to the isomorphism class of the 𝐺-torsor 𝑇 by descent theory for the fppf covering
{𝑌 → 𝑋}, but by Lemma 5.5, 𝐺(𝑌 ×𝑋 𝑌 ) is finite.
Lemma 5.7. Let 𝑋 be an integral scheme with function field 𝐾 and 𝐺/𝑋 be a finite flat group scheme. Let
˜
𝐻𝐾 ˓→ 𝐺𝐾 be a finite flat group scheme. Then there is a blow-up 𝑋/𝑋
such that 𝐻𝐾 extends to a finite flat
˜
subgroup scheme of 𝐺 ×𝑋 𝑋.
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VANISHING OF ÉTALE COHOMOLOGY WITH SUPPORTS OF ABELIAN SCHEMES

7

Proof. Let 𝐻 ˓→ 𝐺 be the schematic closure of 𝐻𝐾 ˓→ 𝐺. The morphism 𝐻 → 𝐺 → 𝑋 is finite as a composition
of a closed immersion and a finite morphism. By [RG71], p. 37, Théorème 5.2.2, there is a blow-up 𝑋 ′ → 𝑋 such
that 𝐻 ′ := 𝐻 ×𝑋 𝑋 ′ → 𝑋 ′ is flat. Then, 𝐻 ′ is the schematic closure of 𝐻𝐾 ˓→ 𝐺′ := 𝐺 ×𝑋 𝑋 ′ . So one can
assume 𝐻/𝑋 finite flat.
Let 𝑌 → 𝑋 be finite flat. Since the morphism is affine, locally, one has the diagram

/ 𝐴 ⊗𝑅 Quot(𝑅)
𝐴O 
O
𝑅



/ Quot(𝑅)

Here, the upper horizontal arrow is injective by flatness of 𝑅 → 𝐴. Hence 𝑌 is the schematic closure of 𝑌𝐾 in 𝑌 .
By flatness, the schematic closure of 𝐻𝐾 ×𝐾 𝐻𝐾 in 𝐺 ×𝑋 𝐺 is 𝐻 ×𝑋 𝐻. By the universal property of the
schematic closure [GW10], p. 251, (10.8), one has the factorisation
𝐻𝐾 ×𝐾 _ 𝐻𝐾

𝜇

/ 𝐻𝐾
_


𝐻 ×𝑋 _ 𝐻

𝜇


/ 𝐻
_


𝐺 ×𝑋 𝐺

𝜇


/ 𝐺,

for the multiplication 𝜇, and similar for the inverse and unit section.
Lemma 5.8. Let 𝑋 be a proper integral variety over a field and 𝐺/𝑋 be a finite flat commutative group scheme.
After an alteration 𝑋 ′ → 𝑋, there exists a filtration of 𝐺 by finite flat group schemes with subquotients of prime
order.
Proof. Over the algebraic closure of the function field of 𝑋, there is such an filtration since the only simple
objects in the category of finite flat group schemes of 𝑝-power order are 𝜇𝑝 , Z/𝑝 and 𝛼𝑝 . Since everything is of
finite presentation, these are defined over a finite extension of the function field [GW10], p. 269, Corollary 10.79.
Now take the normalisation in this finite extension of function fields and use Lemma 5.7.
Theorem 5.9. Let 𝑋 be a proper integral normal variety over a finite field and 𝐺/𝑋 be a finite flat commutative
group scheme. Then H1fppf (𝑋, 𝐺) is finite.
Proof. By Lemma 5.8, Lemma 5.6 and the long exact cohomology sequence one can assume 𝐺 of prime order 𝑝
(since the case of 𝐺/𝑋 étale is easily dealt with). Since then 𝐺 is simple by [Sha86], p. 38, and since 𝐹 ∘𝑉 = [𝑝] = 0
by [Sha86], p. 62 and [Mum70], p. 141, either 𝑉 = 0 or 𝐹 = 0 on 𝐺.
If 𝑉 = 0, by [de 93], p. 93, Proposition 2.2, there is a short exact sequence
0→𝐺→L →M →0
with vector bundles L , M . By the coherence theorem, as 𝑋 is proper and lives over a finite ground field, and
by comparison of Zariski and fppf cohomology [Mil80], p. 114, Proposition III.3.7, the long exact cohomology
sequence shows that H𝑖fppf (𝑋, 𝐺) is finite.
If 𝐹 = 0, after replacing 𝑋 by an alteration by Lemma 5.6 as in the proof of Lemma 5.8, one can assume that
𝐺 is isomorphic to 𝜇𝑝 over the generic point. Since for 𝑌, 𝑍/𝑋 of finite presentation such that 𝑌𝐾 ∼
= 𝑍𝐾 , there is
a non-empty open subscheme 𝑈 ˓→ 𝑋 such that 𝑌𝑈 ∼
= 𝑍𝑈 , there is a non-empty open subscheme 𝑈 ˓→ 𝑋 such
that 𝐺𝑈 ∼
= 𝜇𝑝,𝑈 . There is an alteration 𝑓 : 𝑋 ′ → 𝑋 such that 𝑋 ′ is regular. By Corollary 5.3, H1fppf (𝑓 −1 (𝑈 ), 𝜇𝑝 )
is finite. By Lemma 5.4, H1fppf (𝑋 ′ , 𝐺 ×𝑋 𝑋 ′ ) is finite, so by Lemma 5.6, H1fppf (𝑋, 𝐺) is finite.

6

Vanishing of étale cohomology with supports of Abelian schemes

This is a complement to the vanishing condition [Kel16], p. 226, (4.4), which is proven there only for Jacobians
of curves, see [Kel16], p. 229, Lemma 4.10.
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VANISHING OF ÉTALE COHOMOLOGY WITH SUPPORTS OF ABELIAN SCHEMES

Theorem 6.1. Let 𝑋 be a regular integral Noetherian separated scheme and 𝐺/𝑋 be a finite étale commutative
group scheme of order invertible on 𝑋. Let 𝑍 ˓→ 𝑋 be a closed subscheme of codimension ≥ 2. Then H𝑖𝑍 (𝑋, 𝐺) = 0
for 𝑖 ≤ 2 (étale cohomology with supports in 𝑍).
Proof. Let 𝑈 = 𝑋 ∖ 𝑍. One has a long exact cohomology sequence
. . . → H𝑖−1 (𝑋, 𝐺) → H𝑖−1 (𝑈, 𝐺) → H𝑖𝑍 (𝑋, 𝐺) → H𝑖 (𝑋, 𝐺) → H𝑖 (𝑈, 𝐺) → . . . ,
so one has to prove that H𝑖 (𝑋, 𝐺) → H𝑖 (𝑈, 𝐺) is an isomorphism for 𝑖 = 0, 1 and injective for 𝑖 = 2.
For 𝑖 = 0, the claim H𝑖𝑍 (𝑋, 𝐺) = 0 is equivalent to the injectivity of
H0 (𝑋, 𝐺) → H0 (𝑋 ∖ 𝑍, 𝐺),
which is clear from [Har83], p. 105, Exercise II.4.2 since 𝐺/𝑋 is separated, 𝑋 is reduced and 𝑋 ∖ 𝑍 ˓→ 𝑋 is dense.
For 𝑖 = 1 the claim H𝑖𝑍 (𝑋, 𝐺) = 0 is equivalent to
H0 (𝑋, 𝐺) → H0 (𝑋 ∖ 𝑍, 𝐺)
being surjective and
H1 (𝑋, 𝐺) → H1 (𝑋 ∖ 𝑍, 𝐺)
being injective. The surjectivity of H0 (𝑋, 𝐺) → H0 (𝑋 ∖ 𝑍, 𝐺) follows e. g. from
Theorem 6.2. Let 𝑆 be a normal Noetherian base scheme, and let 𝑢 : 𝑍 99K 𝐺 be an 𝑆-rational map from a
smooth 𝑆-scheme 𝑍 to a smooth and separated 𝑆-group scheme 𝐺. Then, if 𝑢 is defined in codimension ≤ 1, it is
defined everywhere.
Proof. See [BLR90], p. 109, Theorem 1.
For the injectivity of H1 (𝑋, 𝐺) → H1 (𝑋 ∖ 𝑍, 𝐺): If a principal homogeneous space 𝑃/𝑋 for 𝐺/𝑋 is trivial
over 𝑋 ∖ 𝑍, then it is trivial over 𝑋: The trivialisation over 𝑋 ∖ 𝑍 gives a rational map from 𝑋 to the principal
homogeneous space and any such map (with 𝑋 a regular scheme) extends to a morphism by Theorem 6.2.
For the surjectivity of H1 (𝑋, 𝐺) → H1 (𝑋 ∖ 𝑍, 𝐺): This means that any principal homogeneous space
𝑃/(𝑋 ∖ 𝑍) extends to a principal homogeneous space 𝑃¯ /𝑋. By [Mil80], p. 123, Corollary III.4.7, we have
∼
PHS(𝐺/𝑋) −−→ H1 (𝑋fl , 𝐺) (Čech cohomology) since 𝐺/𝑋 is affine. Since 𝐺/𝑋 is smooth, [Mil80], p. 123,
Remark III.4.8 (a) shows that we can take étale cohomology as well, and by [Mil80], p. 101, Corollary III.2.10,
one can take derived functor cohomology instead of Čech cohomology. By Zariski-Nagata purity [SGA1], Exp. X,
Corollaire 3.3, one can extend this to a 𝑃¯ /𝑋, for which we have to show that it represents an element of H1 (𝑋, 𝐺),
i. e. that it is a 𝐺-torsor.
Now we need to show that if 𝑃/(𝑋 ∖ 𝑍) is an 𝐺|𝑋∖𝑍 -torsor and 𝑃¯ an extension of 𝑃 to a finite étale covering
of 𝑋, then 𝑃¯ /𝑋 is also an 𝐺-torsor. For this, we use the following
Theorem 6.3. Let 𝑆 be a connected scheme, 𝐺 → 𝑆 a finite flat group scheme, and 𝑋 → 𝑆 a scheme over 𝑆
equipped with a left action 𝜌 : 𝐺 ×𝑆 𝑋 → 𝑋. These data define a 𝐺-torsor over 𝑆 if and only if there exists
a finite locally free surjective morphism 𝑌 → 𝑆 such that 𝑋 ×𝑆 𝑌 → 𝑌 is isomorphic, as a 𝑌 -scheme with
𝐺 ×𝑆 𝑌 -action, to 𝐺 ×𝑆 𝑌 acting on itself by left translations.
Proof. See [Sza09], p. 171, Lemma 5.3.13.
That 𝑃/(𝑋 ∖ 𝑍) is an 𝐺|𝑋∖𝑍 -torsor amounts to saying that there is an operation
𝐺|𝑋∖𝑍 ×𝑋∖𝑍 𝑃 → 𝑃
as in the previous Theorem 6.3. Since this is étale locally isomorphic to the canonical action
𝜇

𝐺|𝑋∖𝑍 ×𝑋∖𝑍 𝐺|𝑋∖𝑍 → 𝐺|𝑋∖𝑍
which is finite étale, by faithfully flat descent the operation defines an étale covering, so extends by Zariski-Nagata
purity uniquely to an étale covering 𝐻 → 𝑋, which by uniqueness has to be isomorphic to 𝐺 ×𝑋 𝑃¯ → 𝑃¯ . Now
one has to check the condition in Theorem 6.3.

7

DESCENT OF FINITENESS OF X, THE 𝑃 -PART

9

There is a finite étale Galois covering 𝑋 ′ /𝑋 with Galois group 𝐺 such that 𝐺×𝑋 𝑋 ′ is isomorphic to a direct sum
of 𝜇𝑛 with 𝑛 invertible on 𝑋. The Leray spectral sequence with supports H𝑝 (𝐺, H𝑞𝑍 ′ (𝑋 ′ , 𝐺 ×𝑋 𝑋 ′ )) ⇒ H𝑝+𝑞
𝑍 (𝑋, 𝐺)
from [Kel16], p. 228, Theorem 4.9, so it suffices to show H𝑞𝑍 (𝑋 ′ , 𝐺 ×𝑋 𝑋 ′ ) = 0 for 𝑞 = 0, 1, 2. Hence one can
assume 𝐺 ∼
= 𝜇𝑛 for 𝑛 invertible on 𝑋.
One has an injection Br(𝑋) ˓→ Br(𝐾(𝑋)) with 𝐾(𝑋) the function field of 𝑋 and Br(𝑋) → Br(𝑈 ) → Br(𝐾(𝑋)),
so Br(𝑋) → Br(𝑈 ) is injective. By the hypotheses on 𝑋 and since the codimension of 𝑍 in 𝑋 is ≥ 2,
∼
by Corollary 5.2, there is a restriction isomorphism Pic(𝑋) −−→ Pic(𝑈 ). Hence the snake lemma applied to the
diagram
/ Pic(𝑋)/𝑛
/ H2 (𝑋, 𝜇𝑛 )
/ Br(𝑋)[𝑛]
/0
0
_
∼
=


/ Pic(𝑈 )/𝑛

0


/ H2 (𝑈, 𝜇𝑛 )


/ Br(𝑈 )[𝑛]

/0

gives that H2 (𝑋, 𝜇𝑛 ) → H2 (𝑈, 𝜇𝑛 ) is injective, so H2𝑍 (𝑋, 𝜇𝑛 ) = 0.
Corollary 6.4. Let 𝑋 be a regular integral Noetherian separated scheme and A /𝑋 be an Abelian variety. Let
𝑍 ˓→ 𝑋 be a closed subscheme of codimension ≥ 2. Then H𝑖𝑍 (𝑋, A ) is torsion for all 𝑖, = 0 for 𝑖 = 0 and
H𝑖𝑍 (𝑋, A )[𝑝∞ ] = 0 for 𝑖 = 0, 1, 2 and 𝑝 invertible on 𝑋.
Proof. By [Kel16], p. 224, Proposition 4.1, H𝑖 (𝑋, A ) is torsion for 𝑖 > 0. The Kummer exact sequence
0 → A [𝑛] → A → A → 0 for 𝑛 invertible on 𝑋 yields a surjection
H𝑖𝑍 (𝑋, A [𝑛])  H𝑖𝑍 (𝑋, A )[𝑛],
so it suffices to show that H𝑖𝑍 (𝑋, A [𝑛]) = 0 for 𝑖 = 1, 2. But this is Theorem 6.1. The triviality H0𝑍 (𝑋, A ) = 0 is
equivalent to the injectivity of
H0 (𝑋, A ) → H0 (𝑋 ∖ 𝑍, A ),
which is clear from [Har83], p. 105, Exercise II.4.2 since A /𝑋 is separated, 𝑋 is reduced and 𝑋 ∖ 𝑍 ˓→ 𝑋 is
dense.
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Descent of finiteness of X, the 𝑝-part

In this section, we extend [Kel16], p. 238, Theorem 4.29 to 𝑝∞ -torsion.
Lemma 7.1. Let A /𝑋 be an Abelian scheme over a proper variety 𝑋 over a finite field of characteristic 𝑝.
Then X(A /𝑋)[𝑝∞ ] is cofinitely generated.
1
(𝑋, A ) in [Kel16], p. 225, Definition 4.2.
Recall that X(A /𝑋) was defined as Hét

Proof. The long exact cohomology sequence associated to the Kummer sequence Lemma 2.2 gives us a surjection
H1fppf (𝑋, A [𝑝𝑛 ])  H1fppf (𝑋, A )[𝑝𝑛 ] → 0
1
Now, since A /𝑋 is a smooth group scheme, Lemma 2.3 gives us an isomorphism H1fppf (𝑋, A ) = Hét
(𝑋, A ),
1
𝑛
which by definition equals X(A /𝑋). By Theorem 5.9, Hfppf (𝑋, A [𝑝 ]) is finite since 𝑋/F𝑞 is proper. From this,
1
(𝑋, A )[𝑝] is finite. Hence X(A /𝑋)[𝑝∞ ] is cofinitely generated by [Kel18], Lemma 2.38.
one sees that Hét

Lemma 7.2. Let 𝑓 : 𝑋 ′ → 𝑋 be a finite étale morphism of constant degree 𝑑 and let F be an fppf sheaf on 𝑋.
Then there is a trace map Tr𝑓 : 𝑓* 𝑓 * F → F , functorial in F , such that 𝜙 ↦→ Tr𝑓 ∘𝑓* (𝜙) is an isomorphism
Hom𝑋 ′ (F ′ , 𝑓 * F ) → Hom𝑋 (𝜋* F ′ , F ) for any fppf sheaf F ′ on 𝑋 ′ . Thus, 𝑓* = 𝑓! , that is, 𝑓* is left adjoint to
𝑓 * , and Tr𝑓 is the adjunction map. The composites
Tr𝑓

F → 𝑓* 𝑓 * F → F

and

𝑓*

can

Tr𝑓

H𝑟fppf (𝑋, F ) → H𝑟fppf (𝑋 ′ , 𝑓 * F ) → H𝑟fppf (𝑋, 𝑓* 𝑓 * F ) → H𝑟fppf (𝑋, F )

are multiplication by 𝑑.
Proof. As in [Mil80], p. 168, Lemma V.1.12.
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Theorem 7.3. Let 𝑝 be a prime. Let 𝑓 : 𝑋 ′ → 𝑋 be a proper, surjective, generically étale morphism of
generical degree prime to 𝑝 of integral, normal varieties over a finite field. Let 𝑋 be a scheme of characteristic
𝑝. If A is an Abelian scheme on 𝑋 such that the 𝑝∞ -torsion of the Tate-Shafarevich group X(A ′ /𝑋 ′ ) of
A ′ := 𝑓 * A = A ×𝑋 𝑋 ′ is finite, then the 𝑝∞ -torsion of the Tate-Shafarevich group X(A /𝑋) is finite.
Proof. The same proof as in [Kel16], p. 238, Theorem 4.29 works, one only needs X(A /𝑋)[𝑝∞ ] to be cofinitely
generated in Step 2, which is Lemma 7.1. The trace morphism in Step 3 for fppf cohomology comes from Lemma 7.2.
Note that the proof given there does not need the regularity of 𝑋, 𝑋 ′ and that varieties over a field are excellent
by [Liu06], p. 343, Corollary 2.40 (a).

8

Isogeny invariance of finitness of X, the 𝑝-part

In this section, we extend [Kel16], p. 240, Theorem 4.31 to 𝑝∞ -torsion.
Theorem 8.1. Let 𝑋/𝑘 be a proper variety over a finite field 𝑘 and 𝑓 : A → A ′ be an isogeny of Abelian
schemes over 𝑋. Let 𝑝 be an arbitrary prime. Assume 𝑓 étale if 𝑝 ̸= char 𝑘. Then X(A /𝑋)[𝑝∞ ] is finite if and
only if X(A ′ /𝑋)[𝑝∞ ] is finite.
Proof. In the case where ℓ is invertible on 𝑋 and 𝑓 is étale (i. e., of degree invertible on 𝑋), this is [Kel16],
p. 240, Theorem 4.31.
Now assume 𝑝 = char 𝑘. The short exact sequence of flat sheaves Lemma 2.2 yields an exact sequence in
cohomology
𝑓
H1fppf (𝑋, ker(𝑓 )) → H1fppf (𝑋, A ) → H1fppf (𝑋, A ′ )
1
and note that H1fppf (𝑋, A ) = Hét
(𝑋, A ) = X(A /𝑋) by Lemma 2.3 since A /𝑋 is smooth, and that
1
Hfppf (𝑋, ker(𝑓 )) is finite by Theorem 5.9. Note that all groups are torsion (the Tate-Shafarevich groups
by [Kel16], p. 224, Proposition 4.1), hence the sequence stays exact after taking 𝑝∞ -torsion. So X(A /𝑋)[𝑝∞ ] is
finite if X(A ′ /𝑋)[𝑝∞ ] is.
For the converse, note that by [Kel18], Proposition 2.19 there is a polarisation 𝜆 : A 𝑡 → A . Hence, the
argument above for 𝜆 and 𝜆𝑡 implies that X(A 𝑡 /𝑋)[𝑝∞ ] is finite iff X(A /𝑋)[𝑝∞ ] is, and analogously for
X(A ′ /𝑋)[𝑝∞ ]. Taking the dual Kummer sequence 0 → ker(𝑓 𝑡 ) → A ′𝑡 → A 𝑡 → 0 yields an exact sequence

H1fppf (𝑋, ker(𝑓 𝑡 )) → X(A ′𝑡 /𝑋) → X(A 𝑡 /𝑋).
By the same argument as above, X(A ′𝑡 /𝑋)[𝑝∞ ] is finite if X(A 𝑡 /𝑋)[𝑝∞ ] is if X(A /𝑋)[𝑝∞ ] is.
X(A ′ /𝑋)[𝑝∞ ] is finite.

So
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und ihrer Grenzgebiete, 3. Folge, 21. Berlin etc.: Springer-Verlag. x, 325 p. 1990.
[de 93] de Jong, Aise J.: Finite locally free group schemes in characteristic 𝑝 and Dieudonné modules. In: Invent. Math.,
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d’un module. In: Invent. Math., 13 (1971), 1–89.
[Sha86] Shatz, Stephen S.: Group schemes, formal groups, and p-divisible groups. Arithmetic geometry, Pap. Conf.,
Storrs/Conn. 1984, 29-78 (1986). 1986.
[Sza09] Szamuely, Tamás: Galois groups and fundamental groups. Cambridge Studies in Advanced Mathematics 117.
Cambridge: Cambridge University Press. ix, 270 p. 2009.
[Tat66] Tate, John T.: Endomorphisms of Abelian varieties over finite fields. In: Invent. Math., 2 (1966), 134–144.
[Zar83] Zarkhin, Yuri G.: The Brauer group of an abelian variety over a finite field. In: Math. USSR, Izv., 20 (1983),
203–234.
Timo Keller, Mathematisches Institut, Universität Bayreuth, 95440 Bayreuth, Germany
E-Mail address: firstname.lastname@uni-bayreuth.de

